In this paper we give some lattice characterizations of finite nonabelian groups of exponent p and investigate the extent to which a group of this type is determined by its lattice of subgroups. We also give a complete classification of all class 2 groups of exponent p determined by four independent generators. This completes a partial classification of these groups given by Brahana [2] . In §3 we prove that any class 2 group of exponent p generated by fewer than five independent generators is completely determined by its lattice of subgroups.
We shall use L(G) to denote the lattice of subgroups of a group G, and qb(G) to denote the Frattini subgroup ( = R maximal subgroups of G). Two groups, G and H, are said to be lattice-isomorphic, or L-isomorphic, if L(G) is isomorphic to L(H). A lattice L is called irreducible if L is not decomposable into a direct product of two or more lattices of dimension greater than one. L is said to be a protective geometry if it is irreducible, complemented, and modular.
Lattice characterizations.
It is a well-known fact that the lattice of subgroups of an elementary abelian group of order pn is an (»-1)-dimensional finite projective geometry over GF(p). A finite group G is called a P-group if it is either (1) an elementary abelian group, or (2) a group generated by ax, a2, ■ ■ ■ , an, and b with avi=b"=l, aiaj = a¡ai, and ba}rx = a\ where r?=l (mod p), r^l (mod p), and p and q are primes such that p=l (mod q).
If G is an elementary abelian group of order p" and H is a nonabelian P-group of order pn~lq, then G and H are L-isomorphic.
Baer has proven that the non-abelian P-groups are the only groups which are L-isomorphic to elementary abelian groups [l, Theorem 11.2]. Iwasawa [4] has shown further that P-groups are the only groups whose lattices of subgroups are irreducible, complemented, modular lattices. We summarize these facts in the following lemma. Lemma 1. If G is a finite group, then the following statements are equivalent :
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(i) G is L-isomorphic to an elementary abelian group.
(ii) G is a P-group.
(iii) A(G) is a finite projective geometry over GFip).
The following defining relations give a generalization of the nonabelian P-group. Let G be a finite group with a normal subgroup N satisfying the following:
(1) N is abelian, of exponent pm where p is an odd prime. (2) G/N is cyclic, of exponent qn where q is prime and p = 1 (mod q). (3) For any element a in N, and any element g of G such that g is not in N, gag~1 = aT where r is independent of a and is a positive integer such that rq=l (mod p) and r^l.
In the terminology of Suzuki, a group of the above type is called a P*-group; a group in which G/N is of exponent q is called a P*-group; a group in which N is of exponent p is called a P0*-group. A non-abelian P-group is both a P*-group and a P0*-group.
A lattice shall be called chainfree if every ideal of dimension 2 is not a chain. Clearly, a chainfree lattice contains no ideals which are chains other than the trivial two element chains. A(G) is said to be lower semi-modular if the intersection of two subgroups A and B is maximal in B whenever A is a maximal subgroup of A*UB. Proof. If A(G) is chainfree, G cannot have a cyclic subgroup of order p2 and hence cannot have elements of order p2. Suzuki [6, Proposition 1.5] has shown that when A(G) is lower semi-modular with every interval irreducible and G is of finite order, then G is either a p-group or a P*-group. Now if G cannot have elements of order p2, then G must either be a p-group of exponent p or a nonabelian P-group. Since A(G) is nonmodular, G cannot be abelian, nor can G be a P-group. Therefore G is a non-abelian group of exponent p.
Conversely if G is non-abelian of exponent p, then G has no cyclic subgroup of order p2, and so A(G) is chainfree. Since G is a p-group, A(G) is lower semi-modular with every interval irreducible. Due to a theorem by Iwasawa [4] the nature of all groups which have a modular lattice of subgroups is well known (see also [5, Theorem 3.3] ). Any modular p-group which is of exponent p is abelian. Hence A(G) must be nonmodular. The following lemma gives a lattice characterization of the abelian subgroups and factor groups of a group of exponent p, and also characterizes the center and commutator subgroup by lattice properties. 2. Properties of Z-isomorphisms. The results of the preceding section may be used to determine the nature of the A-isomorphisms of non-abelian groups of exponent p. Theorem 2. If G is a finite non-abelian group of exponent p and a is a lattice-isomorphism of G onto a group H, then H is also a finite non-abelian group of exponent p, and for any two subgroups R and S of G:
(
1) IfR<Sthen [S: A] = [a(5): a(A)]. (2) A is a normal subgroup of S if and only if a(A) is a normal subgroup of aiS). (3) A is the center of S if and only if a (A) is the center of A(S). (4) A is the commutator subgroup of S if and only if a (A) is the commutator subgroup of a (5).
Proof. If G is a finite non-abelian group of exponent p, then H must be a finite non-abelian group of prime exponent since the lattice properties by which G is characterized in Theorem 1 are invariant under any A-isomorphism. Furthermore, G and if must be of the same exponent p since every subgroup of order p2 in a group of exponent p contains exactly p + l subgroups of order p. Hence G and H are of the same order; and so clearly a must preserve the index of A in S whenever R<S. This proves (1) . (2), (3), and (4) follow directly from Lemma 2 and (2) and (3) of Lemma 3 since the lattice properties by which these subgroups are characterized remain invariant under any A-isomorphism.
We shall now determine some conditions for a non-abelian group of exponent p to be uniquely determined by its lattice of subgroups. This necessitates a closer examination of these groups. Much can be learned by studying the class 2 finite groups of exponent p since this type of group is a factor group in every finite non-abelian group of exponent p.
3. Class 2 groups. In a class 2 finite group of exponent p, the commutator subgroup is equal to the Frattini subgroup and is contained in the center. A group of class 2 and exponent p generated freely by d independent generators, ui, u2, ■ ■ ■ , ua, is uniquely determined and is the group of maximum order with d generators. This group is called the master group, and is denoted by ©. subgroup is a commutator. By first considering the possible ways in which the four generators can permute or not permute with each other, and then from these groups determining the distinct factor groups modulo subgroups of <p(G), the defining relations for all groups with d = 4 can be found. We have used this method to determine all such groups. Our list verifies the correctness of Brahana's [2] classification; however, Brahana's classification is not complete. In simplifying the problem of classification, Brahana limited his study to those groups in which c6(G) = the center of G; for when <p(G) is properly contained in the center of G, then G is a direct product of an elementary abelian group and a group G' with ¿<4 such that </>(G') =the center of G'. He incorrectly assumed that in any class 2 group G with d = 4 of order pk, the group c£(G) is properly contained in the center of G when k <7. Hence his classification includes all the groups of orders p10, p9, ps, and p7; but he stopped at this point and hence did not discover the groups of orders p* and pb in which c/>(G) = the center of G. These new groups are numbered 14., IS., 16., and 18. in our list and complete the partial classification given by Brahana [2, p. 376] . 2p?+p+l p>+2p'-p+2 p'+2p*+p+l p'+p»+2p*+p + l
We have included in our classification those groups in which e/>(G) is properly contained in the center (groups 8., 17., and 19.), and also the elementary abelian group. By including these groups an interesting duality can be observed in the defining relations of our list. The group numbered n corresponds to the group numbered 21-n when «<8, and the groups of order p1 are self-dual. This duality serves to check the completeness of the list, and is moreover a duality of the spaces of Brahana's geometric description of the classification [2, p. 379].
Groups 11. and 12. differ in that group 17. is a factor group of 11., but is not a factor group of 12. Groups 8. and 9. have different indices of e/>(G) in the center of G. The number of abelian subgroups in which <t>iG) is of index p2 serves to distinguish the remaining groups. For all of these groups, LiG) is an interval [®, S] in A(@) for some suitable subgroup S of e/>(@). From these considerations and the very simple nature of the groups when d = 2 and d = 3, the following theorem follows as a consequence of Theorem 1 and Theorem 2. where Si = uf1uk1UjUk, j<k, k = 2, 3, 4, 5. Yff [7] has shown that the group defined by a = 2 in the above relations is not isomorphic to the group described when a= -2, and yet the relations among the subgroups of these two groups are exactly identical.
